In this note we give a recursive formula for the derivatives of isotropic positive definite functions on the Hilbert sphere. We then use it to prove a conjecture stated by Trübner and Ziegel, which says that for a positive definite functions on the Hilbert sphere to be in C 2 ([0, π]), it is necessary and sufficient for its ∞-Schoenberg sequence to satisfy ∞ m=0 a m m < ∞.
Introduction and main results
In the last five years there has been a tremendous amount of publications stating new results on positive definite functions on spheres, see for example [1, 4-6, 9, 13, 17, 19, 20] . Isotropic positive definite functions are used in approximation theory, where they are often referred to as spherical radial basis functions [2, 3, 12, 22] and are for example applied in geostatistics and physiology [8, 14] . They are also of importance in statistics where they occur as correlation functions of homogeneous random fields on spheres [15] . Further, a function g :
where d(ξ, ζ) = arccos(ξ T ζ) is the geodetic distance between ξ and ζ.
The class of isotropic positive definite function on spheres has received more attention during the last years, even though the theory was in fact started by Schoenberg in 1942. He showed in [18] that:
can be represented as
where
, and finally the C λ k are the Gegenbauer polynomials. The sequence (a k,d ) k∈N 0 is referred to as d-Schoenberg sequence. A criterion for the strict positive definiteness of such functions was proven by Chen et al. in [7] .
A variety of 18 open problems on strictly and non-strictly positive definite spherical functions has been posed in the supplement material of Gneiting's article [9] . Some of the results on these problems are described in [1, 6, 17, 19] . This note will provide some additional information to the known solution of Problem 6.
Problem 6 was concerned with the smoothness properties of the members of the class of positive definite functions on S d . Trübner and Ziegel gave a solution to the problem in [19, 21] and in the course of their proof stated an interesting connection between the existence of the derivative of such a function at zero and the decay of its d-Schoenberg sequence. The result was also described in the paper [11] by Guinness and Fuentes (Theorem 1). Lemma 1 (Trübner and Ziegel, Lemma 2.1 a)).
We show that a different connection holds for functions which are positive definite on all spheres. This function class being equivalent to the class of functions positive definite on the Hilbert sphere S ∞ . For these functions Schoenberg derived a simple representation in [18] . The characterisation of strictly positive definite functions on S ∞ was later completed by Menegatto in [16] .
Theorem 2 (Schoenberg 2).
A function φ is positive definite on S d for all d ≥ 1 if and only if it has the form
where a m ≥ 0, for all m ∈ N 0 , and 0 = ∞ m=0 a m < ∞. The series (a m ) m∈N 0 is referred to as ∞-Schoenberg sequence. We will in this note prove the following theorem, which was shown to be true for ∈ {1, 2} in [19] , and in the process prove an interesting recursion formula for the derivatives of these positive definite functions. a m m converges. In [19] it was proven that Theorem 3 is equivalent to an interesting series relation introduced as Conjecture 2.2. We can now prove this conjecture, which we state in the next lemma, and thereby proof Theorem 3.
In Section 2 we establish necessary preliminary results which allow us to proof Lemma 2.
Preliminaries
First we will introduce the following lemma which might prove helpful in other areas of the discussion of positive definite functions on the Hilbert sphere. Lemma 3. Let φ(x) = cos j (x), then for j > , we get the derivative
where the coefficients can be computed recursively by: Let be even, show → + 1: We assume
Therefore for j > + 1
with bñ 1 ,ñ 2 as defined above.
Let be odd, show → + 1: We assume
as defined above.
Now the behaviour of the coefficients b
where ∼ means the sequences are asymptotically equivalent. Here c n 1 ,n 2 are defined recursively by c 1,1 = 1, c n 1 ,0 = 1 and for
Proof. We show this property by induction over the pairs (n 1 , n 2 ). For all pairs of coefficients (n 1 , 0) we have b
We assume (4) holds for all combinations (n 1 , n 2 ) with n 1 ≤ n and n 2 ≤ n 1 and for all pairs (n + 1, n 2 ) up to a certain n 2 ≤ n < n . Then
For the last choice of n = n we find
Proof of the Theorem
First we show that if φ is 2 -times differentiable at 0, then it is in C 2 ([0, π]), the result has been described for example in [11] . This is a direct consequence of the fact that a positive definite function on the Hilbert sphere is also positive definite on all spheres of dimension d. For d = 1 we know from Schoenbergs result (cited as Theorem 1) that each positive definite function on S 1 has a representation of the form
Since | cos(kθ)| ≤ 1, the existence of
Proof of Lemma 2. We use the identities of the powers of cos from Gradshteyn and Ryzhik
Deriving each side of the above equations 2 -times, using Lemma 3 for the righthand side, and evaluating the derivative at zero we find
The result now follows by applying (4) and rearranging of the coefficients. which with a n,1 , a m ≥ 0 for all m, n ∈ N 0 and after application of Lemma 2 proves the theorem.
